Note on Estimating the Intrinsic Dimension of High Dimension, Low Sample Size Data (Statistical Analysis of Various Models) by 矢田, 和善 & 青嶋, 誠
Title
Note on Estimating the Intrinsic Dimension of High
Dimension, Low Sample Size Data (Statistical Analysis of
Various Models)
Author(s)矢田, 和善; 青嶋, 誠




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Note on Estimating the Intrinsic Dimension of
High Dimension, Low Sample Size Data
(Kazuyoshi Yata)






, $p$ $n$ ,
. , ,
, ,
, . , ,
, . ,
, Intnnsic Dimension (ID) .
ID , 2 . PCA
, , .
, Bruske and Sommer (1998) , ID
, . ,
, Levina and Bickel (2005) MLE ID ,
,
, .
, Hall et al. (2005), Ahn et al. (2007)




, . , , Yata
and Aoshima (2008) ,
.
2 ID
$p$ $N_{p}(\mu, \Sigma_{p})$ , $\Sigma_{p}$ $\lambda_{1}\geq\cdots\geq$
$\lambda_{p}>0$ . , Ahn et aJ. (2007) .
$k(<p)$ ,
$\lambda_{1}=...$ $=\lambda_{k}=ap^{\alpha}$ , $\lambda_{k+1}=.$ $..=\lambda_{p}=c$ (2.1)
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(Johnstone (2001) ). , $a,$ $c(>0),$ $\alpha(>1/2)$ . $p$
, $k$ ,
$p-k$ . , $k$ ID








$k_{p}:= \frac{tr(\Sigma_{p}^{2})^{2}}{tr(\Sigma_{p}^{4})}=k+O(p^{1-2\alpha})$ , $parrow\infty$
, $p$ $k_{p}$ $k$ .
1 ? $t=1,2,$ $\ldots$ , $\alpha>1/t$ .
$\frac{tr(\Sigma_{p}^{t})^{2}}{tr(\Sigma_{p}^{2t})}=k+O(p^{1-\alpha t})\}$ $parrow\infty$
$1_{\backslash }-$
1 $k=5,$ $\lambda_{1}=\cdots=\lambda_{k}=p,$ $\lambda_{k+1}=\cdots=\lambda_{p}=1$
$t=2,3$ $k_{p}$
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, $t=1$ , ,
(John(1972) ). ID
, $t$ . , $t\geq 3$ ,
. 1 $t=2$ ,
$t=2$ .
22
$n(\geq 34)$ i.i. $d$ . $X_{1},$ $\ldots,$ $X_{n}$ $S_{pn}$ , $k_{p}$
$\hat{k}_{n}=\frac{tr(S_{pn}^{2})^{2}}{tr(S_{pn}^{4})}$ (2.2)
. , .






, $\alpha+r\geq 1$ , , $k^{4}/narrow 0,$ $parrow\infty$ , 1
$E_{\theta} \{\frac{tr(S_{pn}^{2})^{2}-tr(\Sigma_{p}^{2})^{2}}{tr(S_{\rho n}^{4})}\}\leq\sqrt{E_{\theta}\{(tr(S_{pn}^{2})^{2}-tr(\Sigma_{p}^{2})^{2})^{2}\}E_{\theta}\{tr(S_{pn}^{4})^{-2}\}}=O(k/n^{1/2})$
. , 1
$E_{\theta} \{\frac{tr(S_{pn}^{2})^{2}-tr(\Sigma_{p}^{2})^{2}}{tr(S_{pn}^{4})}\}-E_{\theta}\{\frac{tr(\Sigma_{p}^{2})^{2}(tr(S_{pn}^{4})-tr(\Sigma_{p}^{4}))}{tr(S_{pn}^{4})tr(\Sigma_{p}^{4})}\}$ $=$ O(k/ ),
$E_{\theta} \{\frac{tr(S_{pn}^{2})^{4}-tr(\Sigma_{p}^{2})^{4}}{tr(S_{pn}^{4})^{2}}\}-E_{\theta}\{\frac{tr(\Sigma_{p}^{2})^{4}(tr(S_{pn}^{4})^{2}-tr(\Sigma_{p}^{4})^{2})}{tr(S_{pn}^{4})^{2}tr(\Sigma_{p}^{4})^{2}}\}=O(k^{2}/n^{1/2})$ (2.4)
. (2.3) (2.4) , 1 .
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, $n(\geq 8)$ 4 $n/4(=n_{\star})$ i.i. $d$ .
, $S_{ipn_{\star}},$ $i=1,$ $\ldots,$ $4$ , $k_{p}$
$\hat{k}_{n_{*}}=\frac{tr(S_{1pn_{\star}}S_{2pn_{\star}})tr(S_{3pn_{\star}}S_{4pn_{\star}})}{|tr(S_{1pn_{\star}}S_{2pn_{\star}}S_{3pn_{\star}}S_{4pn_{\star}})|}$ (2.5)
. , .
2 (2.1) , $k/narrow 0,$ $Parrow\infty$ ,
$E_{\theta}(\hat{k}_{n_{\star}})=k+O(1/n)+O(p^{1-2\alpha})$ ,
$E_{\theta}\{(\hat{k}_{n_{*}}-k_{p})^{2}\}=O(k/n)$ .
2 , $\hat{U}i=$ tr $(S_{1pn_{*}}S_{2pn_{\star}})$tr $(S_{3pn_{*}}S_{4pn_{*}}),\hat{U}_{2}=$ tr $(S_{1pn_{*}}S_{2pn_{*}}S_{3pn_{*}}S_{4pn_{*}}),$ $U_{2}=$




, $k/narrow 0,$ $Parrow\infty$ , Appendix (A.3) (A.4)
$E_{\theta}( \frac{\hat{U}_{1}}{U_{2}})=k_{p}$ , $E_{\theta} \{\frac{\hat{U}_{1}}{U_{2}^{2}}(\hat{U}_{2}-U_{2})\}=O(1/n)$ ,
$E_{\theta}( \frac{\hat{U}_{1}^{2}}{U_{2}^{2}}I=k_{p}^{2}+O(k/n),$ $E_{\theta} \{\frac{\hat{U}_{1}^{2}}{U_{2}^{3}}(\hat{U}_{2}-U_{2})\}=O(k/n)$ (2.7)
, $t\geq 2$ 2
$E_{\theta} \{\frac{\hat{U}_{1}}{U_{2}^{t+1}}(\hat{U}_{2}-U_{2})^{t}\}\leq\sqrt{E_{\theta}(U_{2}^{-2}\hat{U}_{1}^{2})E_{\theta}\{U_{2}^{-2t}(\hat{U}_{2}-U_{2})^{2t}\}}=O(n^{-t/2}k^{-t/2+1})$ ,
$E_{\theta} \{\frac{\hat{U}_{1}^{2}}{U_{2}^{t+2}}(\hat{U}_{2}-U_{2})^{t}\}\leq\sqrt{E_{\theta}(U_{2}^{-4}\hat{U}_{1}^{4})E_{\theta}\{U_{2}^{-2t}(\hat{U}_{2}-U_{2})^{2t}\}}=O(n^{-t/2}k^{-t/2+2})(2.8)$
. , $k/narrow 0$
$\frac{1}{n}\sum_{t=2}^{\infty}(-1)^{t}n^{-t/2+1}k^{-t/2+1}=O(1/n)$ , $\frac{k}{n}\sum_{t=2}^{\infty}(-1)^{t}(t+1)n^{-t/2+1}k^{-t/2+1}=O(k/n)$ (2.9)
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. , $($2.8 $)$ $($ 2.9 $)$
$\sum_{t=2}^{\infty}(-1)^{t}E_{\theta}\{\frac{\hat{U}_{1}}{U_{2}^{t+1}}(\hat{U}_{2}-U_{2})^{t}\}=O(1/n)$
$\sum_{t=2}^{\infty}(-1)^{t}(t+1)E_{\theta}\{\frac{\hat{U}_{1}^{2}}{U_{2}^{t+2}}(\hat{U}_{2}-U_{2})^{t}\}=O(k/n)$ (210)
. , (2.7) (2.10) (2.6)
$E_{\theta}( \frac{\hat{U}_{1}}{\hat{U}_{2}}I=k_{p}+O(1/n),$ $E_{\theta}( \frac{\hat{U}_{1}^{2}}{\hat{U}_{2}^{2}})=E_{\theta}(\hat{k}_{n_{*}}^{2})=k_{p}^{2}+O(k/n)$ $($2.11 $)$
. , (2.1) $c$ indicator function $I_{\hat{U}_{2}<c}$
$E_{\theta}( \hat{k}_{n_{\star}})=E_{\theta}(\frac{\hat{U}_{1}}{|\hat{U}_{2}|})=E_{\theta}(\frac{\hat{U}_{1}}{\hat{U}_{2}})+E_{\theta}(\hat{k}_{n_{\star}}I_{\hat{U}_{2}<c})$ (212)
, 3 $($2.11 $)$
$($ 213$)$
. , (2.12) (2.11) $($ 2.13)
$E_{\theta}(\hat{k}_{n_{\star}})=k_{p}+O(1/n)$ , $E_{\theta}\{(\hat{k}_{n_{\star}}-k_{p})^{2}\}=E_{\theta}(\hat{k}_{n_{\star}}^{2})-2k_{p}E_{\theta}(\hat{k}_{n_{\star}})+k_{p}^{2}=O(k/n)$
.
2 2 $n/parrow 0$ , . 2
$F$ , $k=2([P^{1/3}]+1)$ , $\lambda_{1}=\cdots=\lambda_{k}=p^{2/3},$ $\lambda_{k+1}=\cdots=\lambda_{p}=1$ $k$
, 500 . , $[X]$ $X$
. $($ 2.2 $)$ , $($ 2.5 $)$ $n=2k([\rho^{1/5}/2]+1)$ .
, $($ 2.5 $)$ $\hat{k}$n $($ 2.2 $)$ $\hat{k}_{n}$ .
2 $k=2([\rho^{1/3}|+1)$ $k$
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3$($ 2.1 $)$ , $k$ $\delta$
$\delta=\frac{\sum_{i=1}^{k}\lambda_{i}}{\sum_{i=1}^{p}\lambda_{i}}=1-\frac{c(p-k)}{akp^{\alpha}+c(p-k)}$





(i) , $k$ .
(ii) , $k$
. (iii) , , $k$
. (iii) , , ID





(2.1) , $\Sigma_{p}$ , .
$\frac{tr(\Sigma_{p}^{2})^{2}}{tr(\Sigma_{p}^{3})}=\sum_{i=1}^{k}\lambda_{i}+\frac{2c^{2}(p-k)}{akp^{\alpha}}+\frac{c^{4}(p-k)^{2}}{a^{3}k^{3}p^{3\alpha}}+O(p^{1-2\alpha})$ , $parrow\infty$ .
$\delta_{p}:=\frac{tr(\Sigma_{p}^{2})^{2}}{tr(\Sigma_{p}^{3})tr(\Sigma_{p})}=\delta+O(p^{-\alpha})$ , $parrow\infty$
, $p$ $\delta_{p}$ $\delta$ .
3 , $t=1,2,$ $\ldots$ , $\alpha>1/(2t+1)$ .
$\frac{tr(\Sigma_{p}^{t+1})^{2}}{tr(\Sigma_{p}^{2t+1})tr(\Sigma_{p})}=\delta+O(p^{-t\alpha})+O(p^{1-(2t+1)\alpha})$ $parrow\infty$
, 1 , $t$ .
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22 $S_{pn}$ , $\delta_{p}$
$\hat{\delta}_{n}=\frac{tr(S_{pn}^{2})^{2}}{tr(S_{pn}^{3})tr(S_{pn})}$ (3.1)
. , .




, $S_{ipn_{\star}},$ $i=1,$ $\ldots,$ $4$ $\delta_{p}$
$\hat{\delta}_{n_{*}}=\frac{tr(S_{1pn_{*}}S_{2pn_{*}})tr(S_{3pn_{\star}}S_{4\rho n_{\star}})}{|tr(S_{1pn_{\star}}S_{2pn_{*}}S_{3pn_{l}})|tr(S_{4pn_{*}})}$ (3.2)
, .




4 3, 4 $n/parrow 0$ , .
, 3 $\alpha+\gamma<1$ . , 4 ,
. 3 , $k=12$ , $\lambda_{1}=\cdots=\lambda_{k}=p^{2/3},$ $\lambda_{k+1}=\cdots=\lambda_{p}=1$ $\delta$
, 500 . (3.1), (3.2)





5 $($2.1 $)$ , .
$\lambda_{1}\geq\cdots\geq\lambda_{k}>\lambda_{k+1}\geq\cdots\geq\lambda_{p}$ , (3.3)
$k=\gamma p^{r}(\gamma>0,0\leq r<1)$ ,
$\lambda_{i}=ap^{\alpha}+b_{ip^{\beta_{i}}}$ $(a,$ $b_{i}$ , $>0;\alpha>1/2;\alpha-\beta_{i}>r/2),$ $i=1,$ $\ldots,$ $k$ ,
$\lambda_{j}=b_{j}p^{\beta_{j}}+c_{j}(b_{j}, c_{j}>0;\alpha-\beta_{j}>1/2),$ $j=k+1,$ $\ldots,p$ .
, 1-4 .
4
. $\mu=0$ . 5
(3.3) , $k$ $(r=0)$ . $n$ i.i. $d$ .
$X_{1},$
$\ldots,$




$E_{\theta}(W_{in}^{4})=1+o(1)$ , $narrow\infty$ ,
$E_{\theta}(W_{in}^{-4})<\infty$




. , $\alpha\geq 1$ , , $narrow\infty,$ $n/Parrow 0$
$E_{\theta}(\tilde{k}_{n_{r}})=k+o(1)$ (4.1)
. ,
$E_{\theta}(W_{in}^{8})=1+o(1)$ , $narrow\infty$ ,
$E_{\theta}(W_{in}^{-8})<\infty$
, $\alpha\geq 1$ , , $narrow\infty,$ $n/parrow 0$
$E_{\theta}\{(\tilde{k}_{n_{\star}}-k_{p})^{2}\}=o(1)$ (4.2)
.
6. , $p$ , , $p$
, (4.1) (4.2) .
Appendix
$N_{p}(\mu, \Sigma_{p})$ , 2 (21) . ,
$H$ , $H^{T}S_{pn}H=(\sqrt{\lambda_{i}\lambda_{j}}W_{ij})$ . , $(n-1)H^{T}S_{pn}H$
$W_{p}(n-1$ , diag $(\lambda_{1},$ $\ldots,$ $\lambda_{p}))$ , , $(n-1)W_{ii},$ $i=1,$ $\ldots,p$
$n-1$ $\chi^{2}$ $A\searrow$ $W_{tj}(i\neq j)$ $|$ $E_{\theta}(W_{ij)}=0,$ $E_{\theta}(W_{ij}^{2})=(n-1)^{-1},$ $E_{\theta}(W_{ij}^{2t-1})=$
$O(n^{-t}),$ $E_{\theta}(W_{ij}^{2t})=O(n^{-t})$ .





, tr $(S_{pn}^{2})^{2}$ tr $(S_{pn}^{4})$ .
tr $(S_{pn}^{2})^{2}=( \sum_{i=1}^{p}\lambda_{i}\sum_{j=1}^{p}\lambda_{j}W_{ij}^{2})^{2}$ , tr $(S_{pn}^{4})= \sum_{i=1}^{p}\lambda_{i}\sum_{j=1}^{p}\lambda_{j}(\sum_{l=1}^{p}\lambda_{\iota}W_{i1}W_{jl})^{2}$ .










2 $k/narrow 0,$ $parrow\infty$ , t $\geq$ 2 $F$ lt
(A.1)$E_{\theta} \{(\frac{tr(S_{1pn}S_{2pn})tr(S_{3pn}S_{4pn})}{ktr(\Sigma_{p}^{4})}I^{t}\}=1+o(1)$ ,
(A 2)$E_{\theta} \{(\frac{tr(S_{1pn}S_{2pn}S_{3pn}S_{4pn})-tr(\Sigma_{p}^{4})}{t\langle\Sigma_{p}^{4})}I^{t}\}=O(1/(nk)^{t/2})$ .
, .
tr $(S ipn2pntr(S_{3pn}S_{4pn})=\sum_{i=1}^{/p}\lambda_{i}\sum_{j=1}^{p}\lambda_{j}W_{1ij}W_{2ij})(\sum_{i=1}^{p}\lambda_{i}\sum_{j=1}^{p}\lambda_{j}W_{3ij}W_{4ij})$ , (A.3)
tr $(S_{1pn}S_{2pn}S_{3pn}S_{4pn})= \sum_{i=1}^{p}\lambda_{i}\sum_{j=1}^{p}\lambda_{j}(\sum_{l=1}^{p}\lambda_{l}W1_{i}iW_{2jl})(\sum_{l=1}^{p}\lambda_{l}W_{3il}W_{4jl})$ . (A.4)
$k/narrow 0,$ $parrow\infty$
(A.5)$E_{\theta}^{\urcorner} \{(\frac{\sum_{i=1}^{p}\lambda_{i}\sum_{j--1}^{p}\lambda_{j}W_{1ij}W_{2ij}}{tr(\Sigma_{p}^{2})})^{t}\}=1+o(1)$ $(t\geq 2)$
, $parrow\infty$
$\frac{tr(\Sigma_{p}^{2})^{2t}}{k^{t}tr(\Sigma_{p}^{4})^{t}}=1+o(1)$ $(t\geq 2)$ ( $A$ .6)
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. , (A.1) (A.5) (A.6) . , (A 2)
$\sum_{i=1}^{p}\lambda_{i}\sum_{j=1}^{p}\lambda_{j}(\sum_{l=1}^{p}\lambda_{l}W_{1il}W_{2jl})(\sum_{l=1}^{p}\lambda_{l}W_{3il}W_{4jl})-tr(\Sigma_{p}^{4})$
$= \sum_{i\neq j}\lambda_{i}\lambda_{j}(\sum_{\downarrow\neq i,\downarrow\neq j}\lambda_{l}W_{1il}W_{2jl})(\sum_{l\neq i,l\neq j}\lambda_{l}tt^{\gamma_{3il}}W_{4jl})$
$+ \sum_{i\neq j}\lambda_{i}\lambda_{j}(\lambda_{i}W_{1ii}W_{2ji}+\lambda_{j}W_{1ij}W_{2jj})(\lambda_{i}W_{3ii}W_{4ji}+\lambda_{j}W_{3ij}W_{4jj})$
$+ \sum_{i=1}^{p}\lambda_{i}^{2}(\sum_{l\neq i}\lambda_{l}W_{1il}W_{2il})(\sum_{\downarrow\neq i}\lambda_{l}W_{3u}W_{4il})+\sum_{i=1}^{p}\lambda_{i}^{4}(W_{1ii}W_{2ii}W_{3ii}W_{4ii}-1)$
$(=T_{1}+T_{2}+T_{3}+T_{4}$ , say$)$ ,
. $parrow\infty$ $k/narrow 0$ , $t\geq 2$
$E_{\theta} \{(\frac{T_{1}}{tr(\Sigma_{p}^{4})})^{t}\}=O(k^{t}/n^{2}t)$ ,
$E_{\theta} \{(\frac{T_{3}}{tr(\Sigma_{p}^{4})})^{t}\}=O(1/n^{2t-1})$ ,
, (A 2) .
3 $k/narrow 0,$ $parrow\infty$
$E_{\theta}(( \frac{T_{2}}{tr(\Sigma_{p}^{4})})^{t}\}=O(1/n^{t})$ ,
$E_{\theta} \{(\frac{T_{4}}{tr(\Sigma_{p}^{4})})^{t}\}=O(1/(nk)^{t/2})$ ,
$P_{\theta}(tr\langle S_{1pn}S_{2pn}S_{3pn}S_{4pn})\leq c)=O(1/(nk)^{2})$ .
, $c$ 1 (2.1) .
, $\hat{U}_{2}=$ tr $(S_{1pn}S_{2pn}S_{3pn}S_{4pn})$ . ,
(A 7)
$P_{\theta}(\hat{U}_{2}\leq c)=P_{\theta}(\hat{U}_{2}-$ tr $(\Sigma_{p}^{4})\leq c-$ tr $(\Sigma_{p}^{4}))$




, (A 7) (A 8) .
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